We show how entanglement entropies allow for the estimation of quasi-long-range order in one dimensional systems whose low-energy physics is well captured by the Tomonaga-Luttinger liquid universality class. First, we check our procedure in the exactly solvable XXZ spin-1/2 chain in its entire critical region, finding very good agreement with Bethe ansatz results. Then, we show how phase transitions between different dominant orders may be efficiently estimated by considering the superfluid-charge density wave transition in a system of dipolar bosons. Finally, we discuss the application of this method to multispecies systems such as the one dimensional Hubbard model. Our work represent the first proof of a direct relationship between the Luttinger parameter and Rényi entropies in both bosonics and fermionic lattice models.
I. INTRODUCTION
Spontaneous symmetry breaking (SSB) has been a central concept in theoretical physics in the last decades, with applications ranging from high-energy to condensed matter systems. However, since the seminal contributions by Mermin, Wagner and Hohenberg 1 , it has been clear that phase transitions (PT) 2 in low dimensional systems cannot in general be described in the context of SSB due to the lack of finite order parameters associated with the breaking of continuous symmetries such as, e.g, translational invariance. In one dimension (1D), gapless systems are usually characterized by dominant orders, embodied in the asymptotic algebraic decay of correlation functions which determine response functions; such situation is usually referred to as quasi-long-range order (QLRO) 3, 4 , in contrast to true-long-range order associated with SSB. Computing exact correlation functions remains a very challenging task even for exactly solvable models such as the XXZ spin-1/2 chain 3 , but the possibility to describe low-energy properties of 1D systems in terms of conformal field theories (CFT) 5 has had a notable impact on the characterization of PTs thanks in particular to the analogy between the compactified boson theory and Tomonaga-Luttinger Liquids (TLL) 3, 4, 6 described by the following Hamiltonian:
Here, v is the sound velocity, ϑ, ϕ are conjugated density and phase bosonic fields and K is the TLL parameter, related to the compactification radii R ϑ = 1/R ϕ of the fields via K = 1/(4πR 2 ϑ ) 3 . TLLs have attracted increasing interest in recent times due to a large number of physical systems whose microscopic description is well approximated by Eq. 1: signatures of TLL physics has been predicted and observed in a series of setups ranging from typical condensed matter ones such as carbon nanotubes 7 to highly tunable ultracold atomic gases 8 . In a TLL, the asymptotic decay of correlation functions is entirely encoded in K, which becomes the relevant quantity when determining QLRO. For exactly solvable models, K may be estimated through Bethe Ansatz (BA) 4 ; however, such a technique is not in general available, and one has to resort to perturbative or numerical methods.
Moreover, even thought simulation techniques for 1D systems have become extremely precise in recent years, reliable estimates of K for complex systems such as multispecies Hubbard-like models, describing bosonic and fermionic mixtures 9 , and frustrated Heisenberg chains 10 are still challenging. The aim of this paper is to show that QLRO in 1D systems can be accurately determined from only ground state entanglement properties of a microscopic lattice model whose low-energy physics is encoded into the TLL universality class by computing the so called Rényi entropies (REs); in addition, we will show how PTs between different dominant orders may be shaped by calculating REs employing the density-matrix renormalization group (DMRG) algorithm 11 . The general analysis method is presented in Sec. II, and applications to Heisenberg chains, dipolar bosons and the Hubbard model are described in Sec. III, IV and V respectively. Finally, Sec. VI contains a summary of all results.
II. METHOD
We will consider a bipartite system A ∪ B of size L, where A is an interval of length l, and the corresponding REs defined as
where ρ l is the reduced density matrix obtained by having traced out the A's degrees of freeedom. For a CFT, it is known that 12,13 :
where c is the central charge (c = 1 for a TLL), η = 1, 2 for periodic/open boundary conditions (PBC/OBC) and c ′ α is a model dependent constant not depending on l. In a TLL, except for the von Neumann entropy (α = 1) under PBC, all REs with α > 1 are subject to subleading corrections of the form 14, 15 :
(4) where k F is the Fermi momentum, F α is a universal scaling function of l/L and ω is an l-independent phase shift. The information about QLRO is encoded into the decay exponents p α = 2K/(ηα). Such oscillating corrections have been confirmed for a series of models both analytically and numerically [15] [16] [17] [18] , and their relationship with correlations functions have been deepened in Ref. 19 . Parity effects in REs thus provide a useful tool to determine the TLL parameter exclusively from ground state properties. There might be, however, notable difficulties. Indeed, the amplitude of the oscillations may be orders of magnitude smaller than the CFT contributions, thus making quantitative estimates challenging 16 . Furthermore, an even more serious problem is given by the scaling function F α : its explicit form is a priori not known and the assumption that it is independent of l/L is not in general justified. Nevertheless, we argue that K can be accurately extracted from the following quantity
by studying its dependence on L ≫ 1. Here, a 1 and a 2 are constants and finite size corrections to c and K are given by higher order contributions which are negligible for large system sizes (see Appendix A for further details on the fitting procedure). The advantages of this method rest on the fact that this quantity i) does not require any a priori knowledge of F α (l/L), ii) can be easily extracted from DMRG procedure for arbitrary α, and iii) may be evaluated for different α's through a single simulation, thus allowing to consider the RE with better scaling properties, such as comparable oscillation magnitude with respect to the CFT contribution.
In the following, we will prove how dS α can provide quantitative information about QLRO in a series of 1D models described by a TLL. We will first consider a spin-1/2 XXZ chain, and compare RE results with those obtained with the BA, finding excellent agreement in the entire critical regime except close to the antiferromagnetic point, as summarized in Fig. 1a . Then, we will investigate the superfluid/charge-density-wave (SF/CDW) transition in a bosonic gas with dipolar interactions, and will compare our results with those gotten from other independent methods, as shown in Fig. 1b and more technically in Appendix B. Finally, the 1D attractive Hubbard model would be considered as a paradigmatic case for estimating the TLL parameters in multicomponent systems. 
III. SPIN-1/2 XXZ CHAIN
As a first case of interest, we consider the spin-1/2 Heisenberg chain:
in its critical region −1 < ∆ ≤ 1, where it is described by a TLL theory: the TLL parameter can be extracted from BA, K BA = π/2 arccos(−∆), and k F = π/2. Recent numerical results 15, 16 have shown that Eq. 4 holds for both periodic (PBC) and open boundary conditions (OBC) for several values of ∆: this system can then provide a very accurate check for the proposed procedure. We have investigated Eq. 6 in the entire critical region, with both OBC and PBC, by employing numerical simulations based on the DMRG algorithm, computing several REs (0.5 ≤ α ≤ 100) with systems up to L=200/60 (OBC/PBC); in order to provide accurate estimates of all REs, we have applied several sweeps at each system size during the infinite-size procedure, and considered a number of states such that the truncation error of the last step is usually smaller than 10 −9 /10 −8 (OBC/PBC). As already known, we observe that oscillations are usually much more pronounced for large values of α; in addition, for OBC, they are present also for α < 1, following the same periodic behavior of all other REs. For ∆ ≃ 0, a raw fit of the RE at L = 200 usually gives already a good estimate of K, albeit the relative small modulus of the oscillations induces large errors for small α's. Computing dS α , instead, turns out to be a very efficient way to estimate K. In Fig. 2a -c, we plot dS α for several values of α and ∆ for both OBC and PBC: all curves present oscillations whose magnitude increases with α. Best fits of Eq. 5 agree very well with the numerical datas except for small systems sizes (L ≤ 24), which are therefore rejected. The addition of corrections that include finite size effects on K or c does not alter the fitted value of K. The first main result of this work is plotted in Fig.1a : the values of K extracted through dS α for PBC and OBC are plotted against the exact BA values in the entire critical region −1 < ∆ ≤ 1. Estimates of K with OBC/PBC are taken at α = 1, 2 respectively, except for ∆ ≤ −0.8, where oscillations are so small that a good fitting procedure requires larger values of α (α = 4/8). As it can be seen from the inset, the intrinsic error of this procedure is usually of order 10 −3 , except close to the Berezinskij-Kosterlitz-Thouless (BKT) transition, where marginal operators induce quantitatively relevant corrections to dS α 15 . Deviations from the exact value as function of the system size are plotted in Fig.  2d , which shows that relatively small systems of L = 80 sites already achieve good accuracies, κ 0.01, and that strong oscillations in the estimate of K with respect to the number of points employed in the fit signal strong finite-size effects, which are strongly reduced considering larger systems. We can thus conclude that, away from BKT transitions where possible logarithmic corrections can emerge, dS α provides a very accurate estimate of the TLL parameter in the XXZ model.
IV. DIPOLAR BOSONS IN A SINGLE TUBE
In 1D systems, PTs between phases with different dominant order can appear even within the same gapless region, that is, a TLL may exhibit different phases as a function of K 3, 4 . A typical example is given by bosonic particles interacting through a non-local repulsive potential, as realized in one dimensional tubes of polar molecules or magnetic atoms with dipole moment aligned perpendicularly to the tube via a dc electric field [20] [21] [22] . When loaded onto an optical lattice 23 , their effective Hamiltonian is:
where b † i , b i are hard-core bosonic creation/annihilation operators on the site i, n i = b † i b i and the ratio D/J can be tuned, e.g., by varying the depth of the optical potential. In this case, increasing the interparticle dipolar repulsion D/J induces a transition from a SF order with dominant single-particle correlations
to a CDW order with dominant density correlations
This transition occurs at a precise value of the TLL parameter, K = 1/2 3,4,22 . We have thus investigated the SF-CDW phase transition at fillingn = 1/4 24 so that k F = π/4, truncating the dipolar interaction up to fifthnearest-neighbors 25 . Typical results for REs and dS α are plotted in Fig. 3a -b: systems with up to L = 140/60 have been considered for OBC/PBC respectively, keeping up to 512/1024 states and employing finite-size sweeps at each even intermediate size.
Since Eq. 7 is not exactly solvable, we have estimated K through other independent methods. In Fig. 1b , the values of K extracted form RE are compared with those extracted from density fluctuations 19 :
Typical behaviors of F db (l) are shown in Fig. 3c . The so-obtained estimates of K are in very good agreement in an ample parameter range, as it can be inferred from the data in Fig. 1b . A snapshot around the SF-CDW PT is given in Fig. 3d . Still a different method to estimate K is given by level spectroscopy 4 : it can be checked that also in this case the results are in good agreement as discussed in Appendix B. Moreover the estimated K fits very precisely relevant observables such as B(x) (see Fig.  4a ). 
V. 1D HUBBARD MODEL
TLLs represent the basic element to describe also multicomponent systems such as spin ladders, integer spin chains and multispecies systems. In some fermionic systems, in particular, all but one degrees of freedom may become gapped due to interaction effects, thus making the effective low-energy theory being given by a single TLL. However, the total REs are influenced also by the gapped degrees of freedom, so that Eq. 3 may not allow for a reliable evaluation of the TLL parameter. To investigate this possibility, we have considered, as a paradigmatic example, the 1D Hubbard model (HM)
where c † σ,i , c σ,i are fermionic creation/annihilation operators relative to the species σ. In the balanced n 1 = n 2 = n, attractive U < 0 regime, this system displays spin-charge separation with a gapped spin sector and a gapless charge sector, characterized by a TLL parameter K c > 1 which can be calculated via BA 4, 27 . We checked the validity of our approach by considering a fixed density n = 1/4, k F = π/4, different values of the interactions, U = −15, −18, −21 and systems with OBC/PBC with up to L = 200/72 sites. Typical REs for various α's are plotted in Fig. 4b . The gapped spin sector appears to play little to none effect on dS α , whose behavior is determined by the gapless charge sector through K c = 2K
4 . Indeed, the estimate of the latter from RE is found to be in excellent agreement (up to 1%) with the BA values of Ref.
27 in all cases. We interpret this positive result as due to the fact that the contribution of gapped degrees of freedom to REs may be incorporated in the value of the constant term, which does not appear in dS α .
VI. CONCLUSIONS
We have shown how QLRO can be efficiently estimated through Rényi entropies of a single block in a series of 1D models via DMRG calculations. We have tested this technique on single and two-component exactly solvable models such as XXZ spin-1/2 chain and the attractive HM. Also, we have calculated the TLL parameter K for hard-core bosons interacting via dipolar interactions, finding very good agreement between entropy results and other methods. Our study, along with related investigations based on REs 28 , shows how entanglement entropies provide an accurate tool to determine critical properties and phase transition in TLLs, as well as the long-distance decay of correlation functions, in a large variety of 1D systems, such as spin chains, fermionic and bosonic Hubbard-like models. Being less sensitive to finite-size effects and linked to a general and recurrent theoretical background, the technique presented here has several potential applications, such as the determination of correlation functions of composite liquids in atomic and molecular multispecies mixtures 23 , or in more complex spin chains such as half-integer frustrated Heisenberg models 10 , where other numerical analysis such as level spectroscopy lose their typical efficiency.
gardi for technical support, and F. Ortolani for help with the DMRG code. In this Appendix, we analyze in detail the properties of dS α (L). As noticed in the Sec. II, dS α has two relevant advantages, namely it is not influenced by the nonuniversal factor F α (l/L), since it depends on F α (1/2) only, and can be straightforwardly calculated via DMRG during the finite-size procedure. The numerical coefficient a 1 is obtained from Eq. 3 of the main text:
while a 2 is a model dependent constant. Furthermore, additional oscillatory corrections may be considered by expanding the non-universal factor around L/2; the first correction, which dominates with respect to the other ones at long-distances, is:
Even including these corrections, a best fit of dS α requires a limited number of points, since one is left with only three fitting parameters (K, a 2 , a 3 ). Another remarkable fact is that our procedure is weakly affected by finite-size corrections to both c and K. Scaling corrections of the form c(
induce additional terms in dS α whose typical scaling is L −2−ω1 , (ln L)L −pα−ω2 respectively. Except for very small values of α, these corrections can be safely neglected. We have verified the consistency of this approximation in several cases, for both models considered, finding no appreciable discrepancy between the TLL parameter value extracted with or without terms which include finite-size correction of both c and K. Another crucial point in our procedure is the choice of the appropriate RE in order to evaluate K. Very small values of α can suffer from larger DMRG errors and may have very small absolute values; on the contrary, larger α's usually show too large oscillations, inducing considerable errors in the fitting procedure. The best choice is usually an intermediate value of α that represents a good compromise.
A basic check of the accuracy of dS α in the context of the spin-1/2 XXZ chain has already been discussed in Sec. III; here, we present an enlarged plot of κ (Fig. 5) , which represents the discrepancy of the RE results with respect to the exact Bethe ansatz one. For both PBC and OBC, κ is well below 0.01 except close to the BKT transition. Nevertheless, this intrinsic limitation is well under control, being the critical value of K at the BKT point usually known from field theoretical considerations.
Appendix B: Evaluation of K via density fluctuations and level spettroscopy TLL physics of one-dimensional dipolar bosons has been investigated within a series of methods in the continuum limit, that is, in absence of a periodic potential 21, 22 ; however, no quantitative prediction in a lattice is currently available, so we had provided a series of additional estimates of K as a reliability check of the RE results. The first quantity of interest are density fluctuations of the kind:
which have been shown to provide a very good estimate of K in the XXZ model 19 . We calculated F db for systems with PBC and up to L = 60 sites for all points considered in the article: these results are in very good agreement with the RE estimates in the entire parameter range, as shown in Fig. 1b .
Level Spectroscopy (LS) provides an additional independent check of the RE results 4 . We estimated the TLL parameter by considering the well-known relation:
where C is the compressibility of the system. We employed exact diagonalization with PBC up to L = 24 system sizes to estimate v from the CFT relation:
where ǫ gs (L) is the energy density of the ground state at size L, ǫ 0 being the thermodynamic value. The compressibility can then be calculated as:
where E L (M ) denotes the ground state energy of a system of L sites with M particles. Typical scalings of both ǫ gs and K are presented in Fig.6 . LS displays a systematic overestimation error of order ∼ 5% due to finite-size effects (see Fig. 7 ), effect that we verified for some sample points by calculating C using a multi-target DMRG method 29 up to L = 44.
